A fibered-fibered manifold is a surjective fibered submersion π : Y → X between fibered manifolds. For natural numbers s ≥ r ≤ q an (r, s, q)th order Lagrangian on a fibered-fibered manifold π : Y → X is a base-preserving morphism λ :
X a canonical Helmholtz morphism H(B) :
* X 0 over J r Y was described. Next, it was proved that a morphism B : J 2r X → V * X ⊗ dim X 0 T * X 0 over X is locally variational if and only if H(B) = 0.
Fibered-fibered manifolds generalize fibered manifolds. They are surjective fibered submersions π : Y → X between fibered manifolds. They appear naturally in differential geometry if we consider transverse natural bundles (in the sense of R. Wolak [7] ) over foliated manifolds (see [5] ). A simple example of a fibered-fibered manifold is the following. For any four manifolds X 1 , X 2 , X 3 , X 4 , the obvious projection π : X 1 ×X 2 ×X 3 ×X 4 → X 1 ×X 2 is a fibered-fibered manifold (we consider X 1 ×X 2 ×X 3 ×X 4 as the trivial fibered manifold over X 1 × X 3 and X 1 × X 2 as the trivial fibered manifold over X 1 ). In [5] , for fibered-fibered manifolds, using the concept of (r, s, q)-jets on fibered manifolds, [2] , we extended the notion of r-jet prolongation bundle to the (r, s, q)-jet prolongation bundle J r,s,q Y for r, s, q ∈ N \ {0}, s ≥ r ≤ q. In [6] , we solved the first variational problem for fibered-fibered manifolds. We defined (r, s, q)th order Lagrangians as base preserving (over X) morphisms λ : J r,s,q Y → dim X T * X. Then similarly to the fibered manifold case we defined critical fibered sections of Y . Setting p = max(q, s) we proved that there exists a canonical Euler morphism E(λ) : J r+s,2s,r+p Y → V * Y ⊗ dim X T * X of λ over Y satisfying a decomposition property similar to the one in the fibered manifold case, where VY ⊂ T Y is the vector subbundle of vectors vertical with respect to two obvious projections from Y (onto X and onto Y 0 ). Then we deduced that the critical fibered sections σ are exactly the solutions of the Euler-Lagrange equation E(λ) • j r+s,2s,r+p σ = 0. Next, we studied invariance properties of the corresponding Euler operator E. We proved that any natural operator of the Euler morphism type is of the form cE for some real number c. (A similar result for the Euler operator E from variational calculus on fibered manifolds has been obtained by I. Kolář [1] .)
The purpose of the present paper is to solve the second problem of variational calculus in fibered-fibered manifolds. Similarly to the fibered manifold case, for any natural numbers s ≥ r ≤ q and a morphism B : , q) . Next, we study naturality of the corresponding Helmholtz operator H on fibered-fibered manifolds Y of (fibered-fibered) dimension (m 1 , m 2 , n 1 , n 2 ). We prove that any natural operator of the Helmholtz operator type is of the form cH, c ∈ R, provided n 2 ≥ 2. (A similar result for the Helmholtz operator H from variational calculus on fibered manifolds has been obtained by I. Kolář and R. Vitolo [3] for r = 1 and 2, and by the author [4] for all r.) A 2-fibered manifold is a sequence of two surjective submersions X → X 1 → X 0 . For example, given a fibered manifold X → M we have the 2-fibered manifolds
Every 2-fibered manifold X → X 1 → X 0 can be considered as a fibered-fibered manifold X → X 1 , where we consider X as a fibered manifold X → X 0 and X 1 as a fibered manifold X 1 → X 0 . So, all our results apply to 2-fibered manifolds.
All manifolds and maps are assumed to be of class C ∞ .
Background: variational calculus in fibered manifolds

1.1.
A fibered manifold is a surjective submersion p : 
1.2.
Let p : X → X 0 be as above. A vector field V on X is projectable if there exists a vector field V 0 on X 0 such that V is p-related to V 0 . If V is projectable on X, then its flow Exp tV is formed by local fibered diffeomorphisms, and we can define a vector field
1.3.
An rth order Lagrangian on a fibered manifold p : X → X 0 with dim X 0 = m is a base preserving (over X 0 ) morphism
Given a section σ ∈ Γ X and a compact subset K ⊂ dom(σ) contained in a chart domain, the action is
A section σ ∈ Γ X is called critical if for any compact K ⊂ dom(σ) contained in a chart domain and any p-vertical vector field η on X with compact
By interchanging differentiation and integration we see that σ is critical iff for any compact K and η as above we have
where δλ : V J r X → m T * X 0 is the p r -vertical part of the differential of λ.
1.4.
Given a base preserving morphism ϕ :
for every local section σ of X, where d means the exterior differential at
One verifies easily in coordinates that there exists a unique morphism DF :
for all η 1 , . . . , η l . It will also be called the formal exterior differential of F .
1.5.
In the following assertion we do not explicitly indicate the pull-back to J 2r X.
exists a unique pair of morphisms
, and F (B) is locally of the form F (B) = DP , with P :
where
is the so-called formal (or total) derivative of f and (x i , y k ) are fiber coordinates on X and (
(see [3] ), where
and D α is the iterated formal derivative corresponding to the multiindex α.
A morphism B :
Let λ : J r X → m T * X 0 be an rth order Lagrangian. We have δλ :
Proposition 1 and the Stokes theorem immediately yield the following well known fact.
Proposition 2 ([2]). A section σ ∈ Γ X is critical iff it satisfies the Euler-Lagrange equation E(λ) • j
2r σ = 0.
Let
Then we apply the formal Euler operator to obtain E( δB, J r η ) :
Proposition 3 ([3]). There exists a unique morphism
for every vertical vector field η on X.
Remark 2. The local coordinate form of H(B) is
The morphism H(B) :
We have the following characterization of local variationality. 
of Y is a fibered manifold over X with respect to the source projection π r,s,q X : J r,s,q Y → X (see [4] ). We also have the target projection π Given a fibered section σ ∈ Γ fib Y and a compact subset K ⊂ dom(σ) ⊂ X contained in a chart domain, the action is 
2.2.
S(λ, σ, K) = K (λ • j r,s,q σ). A fibered section σ ∈ Γ fib Y is
Given a base preserving morphism
for every local fibered section σ of Y , where d means the exterior differential at x ∈ X of the local 
, and F (B) is locally of the form F (B) = DP , P : 
Then by the decomposition formula (Proposition 1) there exists a pair of morphisms
, and F ( B) is locally of the form F ( B) = D P , with P : position, provided we put E(B) = the restriction of (i 2p ) * E( B) to VY and F (B) = the restriction of (i 2p ) 
. . , n 1 and K = 1, . . . , n 2 be a fibered-fibered local coordinate system on a fibered-fibered manifold Y . For any f :
where 
and
) is the induced coordinate system on q) . Then using the formula in Remark 1 it is easy to see that the local coordinate form of E(B) is
From the above local formula it follows that E(B) can be factorized through J r+s,2s,r+p Y , p = max(s, q).
Let λ be an (r, s, q)th order Lagrangian on Y , and p = max(s, q). We have δλ :
By the above-mentioned property of E(B) it follows that E(λ) can also be factorized through J r+s,2s,r+p Y . Proposition 5 and the Stokes theorem yield the following fact. 
for every π-vertical and p Y -vertical vector field η on Y .
Proof. That H(B)
is unique is clear. We prove the existence. As in the proof of Proposition 5, we have a morphism B : 
Proof. Suppose locally B = E(λ). Choose a local pth order Lagrangian
Since H(E(Λ)) = 0 (see Proposition 4), also H(B) = 0.
To prove the converse we choose local fibered-fibered coordinates
In this coordinate system we have the obvious projection Π : 3. On naturality of the Helmholtz operator. We say that a fibered manifold p : X → X 0 is of dimension (m, n) if dim X 0 = m and dim X = m + n. All (m, n)-dimensional fibered manifolds and their local fibered diffeomorphisms form a category which we denote by F M m,n and which is local and admissible in the sense of [2] .
Similarly, a fibered-fibered manifold π : Y → X is of dimension (m 1 , m 2 , n 1 , n 2 ) if the fibered manifold X is of dimension (m 1 , n 1 ) and the fibered manifold Y is of dimension (m 1 + n 1 , m 2 + n 2 ). All (m 1 , m 2 , n 1 , n 2 )-dimensional fibered-fibered manifolds and their fibered-fibered local diffeomorphisms form a category which we denote by F M m 1 ,m 2 ,n 1 ,n 2 and which is local and admissible in the sense of [2] . The standard (m 1 , m 2 , n 1 , n 2 )-dimensional trivial fibered-fibered manifold π : 
